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« Т, 
here was an old man who said, * Do 
Tell me how I should add two and two. 


I think more and more 
T'hat it makes about four — 


But I fear that is almost too few.’” 


—Anonymous 


BEFORE YOU BEGIN TO READ 


Reading about 
can be as exciting an adventure 
as reading a mystery story or ex- 


mathematics 


ploring a cave. There are many 
surprises, puzzles, tricks, and in- 
teresting ideas in mathematics. If 
you will do some exploring in 
mathematics by yourself, you will 
enjoy discovering new ideas. One 
of the most interesting topics in 
mathematics is the study of nu- 
meration systems and their bases. 

You will probably need to read 
this booklet оп numeration sys- 
tems differently from the way you 
would read a story, for example. 


To begin with, you should read 
it slowly. Don't be surprised if 
you don't quite understand every 
sentence or every paragraph the 
first time. But have patience. Get 
into the habit of reading math- 
ematics with a pencil and paper 
within easy reach. Don't hesitate 
to use them. If you work the ex- 
ercises, make the drawings, and 
complete the problems, it will be 
easier for you to understand what 
you read. 

We hope that this booklet will 
enable you to share the pleasure 
others have had in exploring 
numeration systems. 
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Numerals 
Past and Present 


Numerals, Numbers, and Systems 


Probably the greatest invention ever made by man was a num- 
ber system. Although it is simple for us to use the symbol 23 to 
represent twenty-three objects, we should realize that it took man 
many centuries to build the system in which the figures 2 and 3, 
arranged in that order, do stand for twenty-three things. 

The numbering system we use today was not the only one or 
the first one developed by man. Here are some of the ways that 
23 has been written in the past: 


Egyptian N N |11 
Babylonian -<< Y ү ү 
Котап ж.ж. 


Мауап GID тег 


The amount represented by the symbols above is the same, but 


the symbols used are different. The symbols used to represent 
numbers are called numerals. A numeral, then, is a name or symbol 
used to stand for a number. When a certain set of symbols is used 
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to represent numbers, a numeration system 1 ed. In a numeration 

system it is possible to use only a few symbols to represent many 
| different numbers. This is done by arranging different combinations 
| of the symbols and by giving importance to the order in which the 
symbols are written. 

The numeration system we use is called the Hindu-Arabic system. 
It has this name because it was invented in India and brought to 
Europe by the Arabs. Most people believe that our system of 
numerals is a “natural” system, or the best system, or the only 
system we need. This is not true. In fact, in our modern world of 
atomic energy, space travel, and electronic computing machines 
| we often find а need for different numeration systems. Some day 
someone may invent a numeration system far better than our 
present one — just as our system was far better than the Roman 
system. 

If we consider other numeration systems, like the ones that we 
will describe in the following pages, we will have a better under- 
standing of our numerals, how our computation processes work, 
and how new systems are being used in science. 


Understanding Our Numeration System 


Let us now take a close look at the numbers we use every day. 
Our numeration system has ten basic symbols: 0, 1, 2, 3, 4, 5, 6, 
7, 8, 9. These symbols are called digits. We use combinations of 
our ten number symbols to write numerals for very large or very 
small numbers. 'This is possible because we assign different values to 
а digit, depending upon its position in a numeral, or its place value. 
We can illustrate this with a counting example. When we count 
in our system, we usually group by tens. In Figure 1, we have 
one group of ten figures, and three left over. Thus, these figures 
are counted to be 13. The numeral 13 means (1 X 10) + (3 X 1). 
When we count, we usually work with “whole things" and thus 





we say that 1,2,3... represent whole numbers. 
Figure 1 





Consider now the large group of x’s in Figure 2. We can draw 
lines around groups of ten until fewer than ten remain. Then we 
can draw a line around a group of ten tens or a hundred. 
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100 T 20 + 5 


Figure 2 


The number of x's can be represented by the numeral 125, 
which means (1 X 10 X 10) + (2 X 10) + (5 X 1). 

When we do addition problems, we often have to “regroup” 
numbers to form groups of ten. We often speak of this regrouping 
as “carrying” to the next digit place. 

18 4- 5 = (10+ 8) + (2 + 3) 
= 10+ (8+ 2) +3 
= 10+ 10+ 3 
= 23 
We have seen that our numeral system uses ten basic symbols 


and that the size of the group represented by the symbol depends 


upon its position or place value. Thus, 4 is the numeral for a set 
of four things, but each 4 in the numeral 444 has a different value. 


Each place has a value 10 times as much as the place on its right: 
444 = (4 X 10 X 10) + (4 X 10) + (4 X 1). 


This could be written as: 
444 = (4 X 10°) + (4X 105 + (4 X 1). 


The 2 and the 1 written just above the 10’s are called exponents, 
and show how many 10’s are multiplied together. 
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In the same way, a decimal that expresses a part of a whole 
thing has place value: 


1 1 1 1 1 1 

338 = (3 x то) + (3x 75% тр) + (3 0 тр 19) 

Since our system of writing numerals uses ten symbols and the 
principle of grouping by ten, we say that it is a base ten system. 
It is also called a decimal system, the word “‘decimal” coming from 
the Latin word for ten. 

Our decimal system has two important features. It uses the place 
value principle that we have just discussed, and it has a symbol 
for zero. The symbol 0 is used to record “по” things. Zero also 
serves as a place holder, just like any other digit. Without a 
zero, it would be impossible to distinguish between numerals like 
4 and 40. The features of our numeral system enable us to rep- | 
resent numbers concisely and to perform calculations easily. Simple 
multiplication and division problems now done by a nine-year- 
old child in a few minutes took the ablest Roman mathematicians 
of two thousand years ago several hours to do. 





EXERCISE SET 1 


Base Ten Numerals 


1. What is the value of the 3 in each of these numerals? 





| a. 408,157 b. 0148 ^ c. 2.372 
2. What is the largest whole number you can write using the digits 
2, 3, 4? 
3. What is the smallest whole number you can write using the digits 
4, 3, 2? 
4. Make tally marks and group them to show a picture of place value 
for 137. 


5. Show the value of each digit in these numbers by showing the 
multiple of ten each represents. For example: 


478 = (4 X 10 X 10) + (7 X 10) + (8 X 1) 


a. 5,684 b. 2,070 с. 418 
6. a. Can you think of a reason why ten is a base for many numeral 
systems? L^ v 
b. The Maya Indians of Central America had a numeral system 
with a base of twenty. Can you think of a reason for their selection of 


twenty as a base? 


AA 











Numeration with 
Five Symbols 


Counting with Fives 


Picture a primitive man, spear in hand, stalking a herd of wild 
animals. When he overtakes the herd, he makes a count of animals, 
for he wants to report on this herd to his village. Since he has 
a spear in one hand, he counts on the fingers of the other hand 
only. Perhaps it was in this way that some primitive peoples de- 
veloped base five numeral systems. 

Let's try to build a base five numeral system. We will need 
five number symbols, so let's use the numerals 0, 1, 2, 3, 4. When 
we count in this system, we will group by fives. 


Figure 3 

Тһе number of x’s in Figure 3 are separated into two groups 
of five with 3 left over. In the base five system, we would write 
this 23;;y.. We write the “five” to show that this number is not 
*twenty-three" as we usually think of it in base ten. It is 2 fives 
and 3 ones. The numeral in the second place to the left tells us 
how many groups of five are tallied. In our base ten or decimal 
numerals, the number of objects would be written as 13, which 
means one group of ten and three more. In a similar way, 4ltive 
means (4 X five) + 1, or 4 groups of five and one more. Апа, 
324+ive means (3 X five X five) + (2 X five) + 4. The value of 
each digit place in a base five numeral is five times as much as 
the place on its right. We can invent numerals which will have 
any place value we may want them to have. 

Whenever we write a numeral like 24, we will consider it a base 
ten numeral. Numerals in other bases will have the base indicated 
to the right and below the numeral, as shown in the following 
examples. These indicators are called subscripts. 

24 = (2х 10) +4 
241 = (2 X five) + 4 

Let's make a closer comparison of base ten and base five nu- 

merals. 
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Base ten Base five Base five Base five 
notation grouping notation names 


zero 
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two 
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three 
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four 

one five 

one five and one 
one five and two 
one five and three 


one five and four 
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three-fives and one 
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five-squared, one 
five and one 
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' When a base five numeral is written according to the place 
value of each symbol, it can easily be changed to base ten notation, 


342 ive = (3 X five X five) + (4 X five) + 2 
(3 X 25) + (4 X 5) +2 [base ten numerals] 
= 75 + 20 + 2 = 97 


A good way to keep place value straight when changing from 
base five to base ten is to refer to quarters, nickels, and pennies. 
For example, 342;:,. can be interpreted as: 

(3 X five X five) + (4 X five) + 2, 
or 3 quarters + 4 nickels + 2 pennies, 
or 75 cents + 20 cents + 2 cents = 97 cents. 

Another way to remember the place value of base five numerals 
is to write the symbols in columns. Let's use this method to get 
base ten interpretations for 3411, 241 tive, 303нче, 1,420), and 
3,042 tive. 


2418 = (2 X five X five) + 
(4 X five) + 1 
s 3 


303 tive а= (3 х five X five) + 
(0 X five) + 3 
= 78 


1,420 = (1 X five X five X 
five) + (4 X five X 
five) + (2 X five) + 0 
= 235 


3,042: = (3 X five X five X 
five) + (0. X five X 
five) + (4 X five) + 2 
z 397 











EXERCISE SET 2 


Understanding Base Five Numerals 


1. Draw x's and encircle groups to show the meaning of each of the . 
following numerals in base ten: 


а. 14. b. 23. c. 137 
2. Draw x’s and encircle groups to show the meaning of each numeral: 
а. l4rive b. 23 vs c. 134 tive 


3. Write the meaning of each of these base ten numerals according to 
place value; for example, 44 = (4 X 10) + 4: 
a. 53 b. 123 c. 2,304 
4. Write the meaning of each of these base five numerals according 
to place value; for example, 23tive = (2 X five) + 3: 
a. 43 tive b. 123tive G; 2,304 tive 
5. Write the meaning of each of these base five numerals and change 


to base ten notation: 
a. 94 уе b. 441 tive C. 1,2036 


Changing from Base Ten to Base Five 


We have already changed numbers written in base five to base 
ten numerals. Let's now see if we can change from base ten to 
base five. Let's try to write 89 as a base five numeral. 

In base five, the values of the places are one, five, five X five, 
five X five X five, etc. In base ten, these place values are: 

опе - 1 

five - 5 

five X five — 25 

five X five X five - 125 


Now, 89 is less than 125; hence it is less than a four-place base 
five number. But it is more than 25, so it can be written as a three- 
place base five numeral. 


3 
25)89 'The division shows that there are 3 five 
35 X five groups in 89, and 14 units left 
14 Over. 


2 
5)14 This division. shows that there are 2 
10 five groups in 14, and 4 units left over. 
4 
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We can see that: 
89 = (3 X five X five) + (2 X five) + 4 
= 324 tive 
We can think of this process as one in which the base ten numeral 
is broken down into multiples of five. Thus: 
317 = 250 + 50 + 15 +2 
= (2 X five X five X five) + (2 X five X five) 
+ (3 X five) + 2 
= 2,232rive 
A shortcut for changing base ten to base five is to make con- 
tinued divisions. (In the following example, division is indicated 


with this sign: ) 1 


5)317 Remainders 
5) 63 groups of five - – – – – – – —2 ones left over 


5) 12 groups of five X five - — — — —3 fives left over 


j! 
2 groups of five X five X five — —2 groups of five X five 
left over 


Writing the remainders in reverse order gives the result 317 — 
2,232 nv. 


EXERCISE SET 3 


Changing to and from Base Five 


1. Change these base ten numerals to base five: z 


a. 38 b. 64 c. 156 d. 377 
2. Change these. base five numerals to base ten: 
a. 23 tive b. 222tive с. 340 five d. 2,003 tive 


MET 


In many Oriental shops today, no cash registers or adding 
machines are seen. Instead, the merchant totals his sales on an 
instrument consisting of beads that can be made to slide on slender 
bamboo rods. Such an instrument is pictured in Figure 4. It is 


A Base Five Counting Board 
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called a counting board or abacus. One type of abacus was used 
in China as early as the sixth century B.C., and a form of this 
counting board has been used at some time in almost every area 
of the world. 


Figure 4 


You can make a base five abacus that will illustrate place value 
in base five and help in computations with base five numerals. 
You will need these materials: one 1" X 1" X 8" wood stick, 5 
long nails, twenty-five 1" X 1" cardboard squares or beads (5 of 
each color if possible). 

To construct this abacus, first locate five equally-spaced points 
about 13” apart along the middle of one side of the stick, as shown 
in Figure 5a. Punch holes in the center of each cardboard square. 
Place five cardboard squares of the same color on each nail. and 
pound the nails into the sticks at the marked points. 


Stick with points located Completed abacus 
a 
J 
1 
b 
Figure 5 
j This counting board сап be used to represent base five numerals. 


-Figure 6 shows how we can use the abacus to represent 12 ње. 


Figure ó 


We can now use the abacus for base five computations. 
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Addition of Numbers Written in Base Five 


You know that the sum of 12 and 22 is 34, but what is the sum 
of 12, and 22tive? Since addition is essentially a form of count- 
ing, we can use the base five counting board to do this sum. To 
add 12,4,, and 22,,,, move the squares as shown in Figure 7, 


THT TUI 


12 tive I2 ris« + 22nve = 34 tive 
Figure 7 
We see that the result is comparable to that obtained from a 
base ten computation of 12 and 22. 
Now try 231 + 14е. The abacus drawings in Figure 8 show 
that when you add 3rive and 4rive, you “carry” a five to the second 
digit place. 


| EHI mu 


23 tive 23 че + l4sive = 42 tive 
Figure 8 
Another way to add small numbers in base five numeration is 
to count on a number line. The base five number line in Figure 
9 shows how to add 4tive + 3tive- 
A tive + 3 tive = 12tive 


| | | | | | ! | | ! | l ! 
1 2 3 4 10 i 12 13 14 20 21 22 


Figure 9 


If you want to become proficient in adding numbers written in 
base five, you should make an addition table for reference or else 
memorize all the addition combinations, just as you did in school 
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for base ten. А good way to check your work is to translate to base 
ten and compare your results as shown in the following examples. 
Notice the similarity of the base five and base ten addition processes. 


А. Сһеск 
93. = 2 fives and 3 ones = 13 = 1 ten and 3 ones 
+ 13tive = 4-1five and 3 ones = + 8 = + 8 ones 
4ltive = 3 fives and 6 ones = 21 = 1 ten and 11 ones 
or or 
4 fives and 1 one 2 tens and | one 
B Check G Check 
241 = 14 32е = 17 
+ 1354-7 + 8 ење = 9 
49ң = 22 adus = + 23 
144 ve = 49 


EXERCISE SET 4 
Base Five Addition 


1. Copy and complete this addition table for numbers written in base 
five: 


rs tho fp) 
га [odn po [1354 | 
[19 Ju ај ју |20) 


2. Use this table to perform these additions in base five. 





a. 23 tive b. 99 etse с. 4B tive d. 244 tive 
+ да ани zie T + Vive T ptm 
Y 44 
3. How much do you "carry" when you add these numbers in base 
ten? 59 , “Ға 
27 
4. How much do you “carry” when you add these numbers in base 
five? 23tive 


l4 tive 1 





i2 


HESS aves "five 


Subtraction in Base Five 





What is subtraction? You probably know that subtraction jg | 
the inverse of addition. In other words, in base ten if 3 +4 = 7, 
then 7 — 4 = 3 and 7 — 3 = 4, or if a + b = c, then c — b =a 
and c — а = b. In the subtraction 7 — 4, we are asking what | 
number added to 4 gives 7. 

If we know the addition combinations for numbers written in 
base five, we can easily subtract numbers in base five. In the sub- 
traction problem 12 — 4tive, we are asking what number added | 
to Фе will give 12. Looking in the addition table of Exercise | 
Set 4, we find 12у in row 3. This tells us that 4tive + 3tive = РО 
and we therefore know that 12: — 4tive = rive. 

Study the following subtraction examples, and check the results | 
by translating to base ten. Notice the similarity between the base | 
five and base ten subtraction methods. 


А. 

40 tive = 4 fives and 0 ones= 20--2 tens and 0 ones=! ten and 10 ones 
ema Eme 3 ones= — 3=— 3 ones = — 3 ones | 
нес Те 1 ten and 7 ones 
p. C 0. E Check 

! 14 ШИ еде 1422 403: = 103 
Ез - не ` — 24nye - 194. = == 
ите 2 rive 113 ге 214, = 59 


Another way to do base five subtraction is to label a number 
line with base five numerals and count backward. 


ее == Ative = S tive 


Figure 10 


Then 121. — 4tive becomes a matter of beginning at 12tive and. 
counting 4 units to the left. This brings us to the answer, Stivers 
Or, if we start at 4 and count the units to 124; we find that 
the difference between the two is Әң. 
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EXERCISE SET 5 
Base Five Subtraction 


1. Perform the following subtractions. Check by adding with the base 
five abacus or by ы ' to base ten: 


a. 44ңуе b. B2tive с. BLO tive d. A WO3 tive 
юн 23tive == 141 e A2 tive kk 424 tive 
= X25 5/52 
2. When we "borrow" in the problem 32 — 14, with base"ten ħu- 
merals, how many units do we "borrow?" „Хам 


3. When we "borrow" in base five, in the problem 32tive — l4tive, 


how many units do we “borrow?” /, 
y FATE 


Base Five Addition and Subtraction with a Nomograph 


If you have trouble doing additions or subtractions involving 
base five numerals, the chart in Figure 11, called a nomograph, can 
help you. 








Figure 11 


A nomograph is very easy to make. First draw a horizontal line 
DE on a sheet of graph paper. Then draw three parallel, vertical 
lines the same distance apart to intersect line DE. Label the lines 
А, B, and C, as illustrated. Mark off equal spaces on lines А, В, 
and C. Starting with D and Е as zero points, number the cor- 
responding marks on lines A and C consecutively with base five 
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numerals. Number center line В in base five also, but give each 
mark on this line a numerical value twice that of the correspond- 
ing marks on scales А and C. 

With a straight edge, connect any point on 4 with any point 
on C. The sum of the two numbers represented by the points will 
be found at the point where the straight edge crosses the center 
line В. The A reading plus the C reading is equal to the В reading, 
or А + С = B. For example, line FI shows that lli, + 24,, — . 
135... The nomograph can also be used for subtraction, for 4 = | 
B — C and C = B — A. Line СН shows that 118» — 4tive = дни 
and llus — 2tive = tive. If you have studied plane geometry, 
you can easily show why the nomograph “works.” 


EXERCISE SET 6 
Working with the Base Five Nomograph 


1. Use your nomograph to find the following sums: 
а. 12rive + Эп» 20 b. Пы + 14 JY c. 19. + ІЗ 
2. Use your nomograph to find the following differences: 
а. 13tive — 10five 3 b. Iltive — 3tive 32 с. Brive — 14е | 
2y | 


Multiplication in Base Five 


m If you were given the problem, “Find the sum of 3 + 3 +3 + 
3 in base ten," you would probably take a short cut and use. 
the multiplication fact 4 X 3 = 12. We can make short cuts for 
repeated additions in base five by constructing a multiplication 
table with base five numerals. For example, Әнуе + 3tive + 3tive t 
Stive = 4tive X 3tive = 22tive. Сору and complete the following | 
base five multiplication table. 


Multiplication Table — Base Five 





Napier's Bones for Base Five Multiplication 


In 1617, a Scottish mathematician named John Napier intro- 
duced a device, now called Napier's bones, for performing multi- 
plications. We can make a set of Napier's bones to do 
! multiplications in base буе. 

Cut six strips of cardboard (or plywood), each one inch by five 
inches. Mark five strips into squares and triangles as shown in 
Figure 12a, and label these five strips with the base five products 
for each digit, as shown in Figure 120. Make the remaining strip 
an index, as shown in Figure 12c. 


| jo] [1 [2] [ 3) 
Lo] [1] Lal LA („АЈ (Multiplication by 1) 
| „| |21 11 1131 (Multiplication by 2) 
| 13] Ví. 114) |279| (Multiplication by 3) 
L0 г |13] 22 
d b 


МХ 





1275| |371| (Multiplication by 4) 


Figure 12 


We can use these strips to solve multiplication problems, such 
as 342:ive X 4. Select the strips or “bones” for 3, 4, and 2, and 
place them in order next to the index, as in Figure 13. Since we 
are multiplying by 4, we obtain the product from the 4 row. 
Bring down the 3 on the extreme right, and then add the re- 
maining figures diagonally in order to get the rest of the digits 
in the product. 





—— ЧЫР — dá 





342 tive 
x4 





3023, 








| Figure 13 





lem 









Notice the similarity between base ten and base five multipli- 
cation processes as you study the following problems. Check the 
work by using Napier’s bones or by translating to base ten nu- 
merals. | 








А. p. C p. Check 
32 tive 34 tive 243 tive Alive = M 
x2 x3 X 49% X 24n,, = Xi 
1146, 212. 1041 314 Што 
2132 1320 210 

92411. 2134н = 294 


EXERCISE SET 7 


Base Five Multiplication and Numeration System Principles 


1. Find these products: 
a. 32tive b. 43 tive с. 34 five d. 103 tive 
x 3. | x 4 x 23 tive x drive 


Aol $35. “чат 

2. In base En we know that the product of EIOS is the M 
whether the first is multiplied by the second, or the second is multipli 
by the first; for example, 6 X 4 = 4 X 6. Multiplication in base ten is 
said to be commutative, for we can commute (interchange) the members. 
of a product and still obtain the same numerical result. i 

а. Is base five multiplication commutative? ~)~ 
b. Is base ten addition commutative? “by 
c. Is base five addition commutative? yd- 

3. Consider this multiplication: 3 X 5 X 6. We could write the 
product as (3 X 5) X 6 = 15 X 6 = 90, or 3 X (5 X 6) = 3 X 30 = OOF 
In both cases, we obtain the same result. This is an example of the as- 
sociative principle of multiplication in base ten. 

a. Is base five multiplication associative? “YW 
b. Is base ten addition associative? Nig 
c. Is base five addition associative? Tato 

4. What is the product of 8 and 17? You probably haven't memorized 
an answer for 8 X 17, so you might think this way: 8 X 7 = 56, 
carry 5, 8 X 1 = 8, 8 + 5 = 18, and the answer is 136. This method 
of thinking could also be written in the following way: 


8 X 17 = 8(10 + 7) = 8 X 104-8 X 7 = 80 + 56 = 136 


This illustrates an important principle of base ten numbers which 
is usually called the distributive principle of multiplication over addition. In 


the above example, we distributed the multiplier 8 to the 10 and 7. 
Does this distributive principle apply to base five? 





Division in Base Five 


If we have a multiplication table, we can use it for division as 
well as for multiplication. This is based on the fact that division 
is the inverse of multiplication. Division “undoes” multiplication. If 
3 X 4 = 22, then 22r, + 4 = 3, and 22i, + 3 = 4, or, in 
any base, Ға = b X c, then a + b = с. 

As you study the following examples, note that we do our base 
five divisions the same way as in the decimal system; that is, by 
1 comparing, multiplying, and subtracting. (АП the numerals are 
base five, but the base indicator is not written in the body of 











the work.) 
103,6 n 114+. т 4 
А. 4)23ne. 2 В: 239 3241. 
| 4 23 
23 44 
! 22 23 
| 1 2]1 
202 





EXERCISE SET 8 


Base Five Division 


| Perform the indicated divisions: 


1.334. |12 3. Alm 2! 
2. 4)310tive 40 4. 32tive)3433tive 10У 


| 19 
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Numeration with 
the Dozen System 
Counting with Twelves AO 































We have seen that it is possible to use a numeration system 
other than our base ten system. Although we have used five as а 
base, we could have used any other number. A very important 
question arises then: “Is there а numeration base better than base 
ten?” To answer this question, we must consider ways in which a 
different base could improve upon our present numeration method; 

First, it would be practical to select a numeration base having 
more even divisors than 10 has, for this would simplify work with 
common fractions. A number like 12 might be a good base, for 
the even divisors, or factors, of 12 are 2, 3, 4, and 6. The only: 
divisors of 10 are 2 and 5 (besides 10 itself and 1). 

It would also be convenient to have a base that is related to 
our common units of measure. Many of our units of measure аге 
based on 12 or multiples of 12; for example, 12 inches in 1 foot, 
12 hours on the clock face, 60 minutes in an hour, 360 degrees in: 
a circle, 12 eggs in a dozen, and 144 units in a gross. 

About two hundred years ago, Georges Buffon, a French. 
naturalist, suggested that a base twelve numeration system be 
universally adopted. Although the base twelve system is some- 
times called the “dozen system," we usually call it the duodecimal 
system. Duodecimal is another word for twelve, just as decimal is 
another word for ten. 

The fight for base twelve was carried into this century, and 
duodecimal societies sprang up all over the world. Today the 
Duodecimal Society of America recommends that we use a base 
twelve system instead of our present decimal notation. ] 

In the duodecimal system we have twelve symbols and form 
groups of twelves (dozens), twelve-twelves (gross), and so ОП. 
This means we must have two new number symbols. ‘The symbols 
usually used are T'for ten and Е for eleven. А 

In the duodecimal system, we group in dozens. This means that 
the marks in Figure 14 are counted 1|3tweive because ме have 1 
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T 


Figure 14 
group of a dozen and 3 ones. This numeral, 13;weive, is read “опе 
do three," which means one dozen and three. 
Let's compare counting in the duodecimal system with count- 
ing in the decimal system. 


қ Duodecimal " 
Decimal notation Duodecimal grouping 4 Duodecimal names 
notation 


x 





XX 








XXX 






XXXX 







XXXXX 
XXXXXX 






м С) (л & оо кюю н © 






хххххх 







х 






XXXXXX 







XX 


XXXXXX 








XXX 






XXXXXX 





XXXX 





eleven 





XXXXXX 






XXXXX 


i 
XXXXXX XXXXXX 
XXXXXX XXXXX 











1Otweive one do 









llave one do one 















ТЕ опе do eleven 








20 смее two do 





three do four 





Dd eese 
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EXERCISE SET 9 
Working with Base Twelve 


Changing from Base Ten to Base Twelve 










We can use a place value table to show the relationship Бе 
tween base twelve and base ten numerals. The following table 
can help us get base ten interpretations for 45,1, 307tweives and 
12EQtweive: 















twelve x one 
or 
dozen 
or 
twelves 


twelve x twelve 
(twelve?) 
or 
dozen-dozen 
or 
gross (144) 






twelve x twelve x twelve 
(twelve?) 
or 
dozen-dozen-dozen 
or 
great gross (1728) 







































A5tweive = (4 X twelve) + (5 X one) = 53, 
307iweive = (3 X twelve X twelve) + (0 X twelve) + 7 X 1 = 
439. i 
12EQOiweive = (1 X twelve X twelve X twelve) + (2 X twelve x 
twelve) + (E X twelve) + (0 X one) | 
= (1X 1728.) + (2 X 144) + (ten X 12) Ж 
(0х1) | ( 

= 92148. 


Change these numbers, written in base twelve, to base ten. 
1. 45twelve 2. Irwelve 3. 37 twelve 4. 24 welve 
2: 4 43 29 


If there are advantages in using base twelve numerals, it i 
important to know how to change numbers written in base 
to base twelve. This conversion is best done by repeated division: 
in the same way that we changed base ten numerals to base И ve 
Let's change 356 to base twelve. 
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12)356 Remainders 
12) 29 groups of twelve - —— — - -- 8 ones left over 


2 groups of twelve X twelve --- 5 groups of twelve 
left over 


356 ten: = 258 twelve 


The remainders written in reverse order give the desired base 
twelve numeral. 


EXERCISE SET 10 


Changing to and from Base Twelve 


1. Change these base ten numerals to base twelve: 


а. 78 Lu Б. 118 47 c. 445 3) d. 3,784 2 2.3 
2. Change these base twelve numerals to base ten: 
a. 78е % b. ТЕ іе 3 / с. 275) 3 d. 1TOtweive = (> ( 


Addition and Subtraction in the Duodecimal System 


| After you have learned to count in a new numeration system, 
| you are ready for addition problems. Don't forget that addition 
| in base twelve is merely a short cut for counting with duodecimals. 
You might want to use a number line or a nomograph or a duo- 
decimal abacus to help you solve addition problems. A duo- 
decimal number line is shown in Figure 15. i 

| ! ! ! ! ! | ! ! ! І І ! ! ! П ! ! ! 

| 0 І 2 3 4 5 6 7 8 9 Т E 10 11 12 13 14 15 
à Figure 15 





Figure 16 shows how the number line can be used to add T 
and Diwelve: 
T + 8 5 = Зь 
' PEE ананан 
! | | | | ! ! ! ! ! | l ! ! ! | | | 
0 1 2 3 4 5 6 7 8:9 T E 10 11 12 13 14 15 
Figure 16 


If you copy and complete the duodecimal addition table on the 
next page, you can use it to add numbers expressed in the duodeci- 
mal system without memorizing base twelve combinations. 
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| 
| | Addition Table — Base Twelve 








Check the following addition examples by using the addition 
table or by translating to decimal numerals. When you “carry” 
in adding duodecimal-numerals, the sum must be greater than 
what number? 





А. 6 В. T C SOiweive D. IT некни 
+ T + E + TItweive E E67 twelve 
l4 ее рекоа TEiweive 1952 weise 
We can now do base twelve subtractions; for example, if 7+ 
ІЗ 8 =13:tweive, then l3tweive - 7 = 8, and 13iweive - 8 = 7. You сап 


use your addition table to find 18tweive — T by finding what 
| number added to T gives 18tweive as the sum: 18, — T =? 
| You can also use а duodecimal nomograph to perform subtrac- 
| tions. As you study the following examples, check the subtraction 
| by translating to base ten numerals. 


| А. l4weive p. И жете C 52«welve p. T Ініне E. 6 04 twelve 
= 6 =й I9; avs = Вечера == SESiweilve = 2T&:weive A 
Т муы 22 егіз 26twelve 3T 9 twelve 31 доне 


EXERCISE SET 11 
|) Base Twelve Addition and Subtraction 


1. What are these sums? 

a. 9 b. T C. 4Etwelve d. 64 twelve 
| 8 + ST ewdive ee 
| 59 р 


+E + 








2. Add these numbers in base twelve: 
a. 59 нету b. 28Tiwelve С. 7T63twelve d. 5E4 twelve 
+ 58tweive + 139 twelve +2095 iweive 37 Тегіне 
i + E86 twelve 


3. Count by 7’s in base twelve from T to 4Etweive. 


4. Perform these subtractions in base twelve: 

| a. A twelve b. Тее с. 45 ече а. Йе 

$ св" - 9 -T -Е 

е. T Essais f. 25T iwelve 5. 52 — h. E05 twelve 


— 35 twelve — 176 twelve p 3E9twelve = TT Tiweive 
“С 5 


[| 


A Slide Rule for Duodecimal Addition and Subtraction 


A duodecimal abacus with twelve beads on each wire, or the 
slide rule described below, will help you compute with duodecimals. 

Cut two strips of cardboard about 2" by 14" each. On one edge 
of each strip locate 25 equally spaced points and mark them dis- 
tinctly. Label the points with the numerals of the dozen system 
in order from 0 to 20,4... Mark edges that can be placed ad- 
jacent to each other. 

To add 7 + 8, place the strips together and slide the А scale 
so that the 0 on A is even with the 7 on the B scale. Then the 
numeral on scale B under the 8 on the A scale is the sum, 7 + 8. 








0. 1 2 3 4 5 6 7 8 9 T E 10 11 1213 14 15 16 17 


3 14 1516 17 18 19 IT 1Е 20 


= Beste 


Figure 17 4 


0 1 2 3 4 5 6 8.9 T E 10 11 12 


7 + 8 

i Thus, 7 + 8 = 13tweive. Іп a reverse manner, the slide can be 
used to find differences. Thus, to find 13tweive — 8, we move the 
8 on the А scale directly over the 13 on the В scale. The answer, 
7, is found on the В scale under the 0 on the A scale. 











EXERCISE SET 12 
Using the Duodecimal Slide Rule 


Use your slide rule to perform the indicated operations: 
1. 8 + T / 3. 10 ете + 10...75 5. Эе = T 
2. 9 + Пете 4. Е = 6 6. 20twelve == Nele 
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Duodecimal Multiplication and Division 


Multiplication can be done by addition, with a duodecima] 
abacus, or by knowing the products of all duodecimal digits in 
the duodecimal notation. A simple way is to make a table of 
products and then refer to it whenever necessary. A good way 
to check your work is to convert to base ten numerals. 

Copy and complete this multiplication table in base twelve, 


Multiplication Table — Base Twelve 


x а [а [з 4| 5| e[7[s[ 9 [T[EE 
а [213 1415 (| „| 7 8 (ТЕНИ 
а А ТЕАТ | | (| | 
з 13 1019 03| 

1215 



















| 9 14 
(тај 


ој Ий 
BA [и 


Ba | | | | | Hu 








4 Study the following multiplication examples in base twelve. 
| A. B. C Check 
| 23 twelve 507 twelve 48 twelve = 56 | 
ж Ж GT еле X I2tweive = x38 
E3tweive 425T 94 448 
2636 120 1680 
2 ЗЕ I twetve 1294 weive = 2128 


In division with duodecimal numerals, we use addition, sub- 
traction, and multiplication combinations. We also need to re- 
member how multiplication and division are related. For example, 
if 7 X 8 = 48+, then 48tweive + 7 = 8, and 48iweive + 8 = 7. 
Be sure to remember that when you carry or borrow you are using 
dozens, not tens. Try these divisions and compare your results 
with the examples below: 


A. DA twelve = 8 B. Обете = 7 С 64 T8;weive = 45 twelve 
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Check your answers by translating to base ten numerals. 


8 152, 9 154 ы 7 40 алув 
A. 8)54rweive В. 7) TO5tweive C 45 iwetve 64 1 8iweive 
54 7 45 

30 1ET 
2E IT1 

15 198 

12 158 

3 40 


Napier's Bones for Duodecimal Numerals 


With the base twelve multiplication table, you can now make 
a set of Napier's bones for performing multiplications in this base. 
Cut thirteen strips of cardboard or plywood, each one inch by 
eleven inches. Mark twelve of the strips into twenty triangles and 
one square. Label each square with a different digit in the base 
twelve system. Then label the triangles with multiples of the digit 
in order. Your bone for 8tweive will look like this: 


PASIAN 


Figure 18 





Make one strip an index strip, like this: 


б 
9 ч fia] sof м 
c 
— 


Figure 19 


Use the bones to multiply in 
problems such as 8E times T. 
Place the bones for 8 and E 
next to the index. Read the 
product in the T row of the 
index. Add the numbers along 
the diagonals to find the 
product. 


M 


Figure 20 
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EXERCISE SET 13 


Base Twelve Multiplication and Division 


1. Perform these multiplications with base twelve numerals. Check 
your answers with Napier's bones. 


a. E с. S5 кеніне e. 4 T twelve g. 46 watve 
XT x6 x7 XT 

b. 29; welve d. | B redo f. 7Etwelve ho ТЕ 
x 5 B 3 23 B x 4 


"ES 


& 372 
2. Is T times Е-Е times ^T? Does ar conimutative law for multipli- 


cations hold for base twelve numbers? We , 


3. Perform the indicated base twelve divisions. Check by multiplica- 
tion or translation to base ten. 


а. 516% ер» / с. En ^ lo 2 
b. 8 )3648iwelve d. 9 weive)57 Теке 


Some Fascinating Fractions 


2 Қ” к 
Does the symbol 3 have the same meaning in base twelve as in 


base ten? То answer this, we have to recall what the symbol : 


means. You undoubtedly recognize this symbol as a common frac- 
tion, an expression of a part of a “whole thing." A drawing like 


the one in Figure 21 is often used to picture the meaning of : 


It should now be evident that = has the same meaning in base 


twelve as in base ten. 


f ıgur e 21 


| : 5 we 
Let us now consider the base twelve fraction —. If we divide a 


T 
rectangle into T equal parts and shade 5 of these parts, as in 


Figure 22, we see that — represents one half of the rectangle. If 


T 


28 


























Figure 22 


5 5. I 

p we find that T^g This shows 
how base twelve and base ten fractions may look different but 
have the same meaning. Fractions in base twelve are different 


only because duodecimal numerals are used. Similarly, 





5 тү 5 + 
we reduce т by division, T= 


7 7 +7 1 


18, = I9: dive = 7 Е 3 


By drawings, by reducing to lowest terms, or by knowing the value 
of duodecimal numerals, you can discover the meaning of a base 
twelve fraction. 

By translating from one number base to another, we can com- 
pare fraction values. 


Base ten Base twelve 

2 _ 5 

8 8 

7 _ 7 
т. Т 

11 КЕ Е 
E OA Ш. 
М Testes 
16 lae 


In base ten we find it very handy to use decimal fractions. 
We change common fractions in base ten numerals to decimals 
3 B : 
Tia 3 + 4 = .75. The decimal point 
is a short way of telling us that the denominator for .75 is one 
hundred. | 

In the same way, we change base twelve common fractions to 
duodecimal fractions. Duodecimal fractions are fractions with de- 
nominators such as twelve, or one gross. Instead of a decimal 
point, we use a duodecimal point (:). For example, :6 means six 


6 26 twelve 0 . 
twelfths, or Т E, and :26tweive means ln or 144 in base 


by division. For example 


ten. 


29 








= 








Let’s express some common fractions as duodecimal fractions 
222 ‘ - | 
The fraction 2 сап Бе interpreted as 3 divided by 4. The division 


in base twelve looks like this: 
:9 (Remember 9 X 4 = 30...) 


4 )3 Otweive 


30 





9 


9. 
"des UH (in base ten). 


This tells us that i = 19 
5 
Let's use a different method to express g as a base twelve ra- 


. 5 қ 
tional. We first express 9 252 base ten fraction whose denominator 


is a multiple of 12. 


3 = ui (in base ten) 
_ 68 eive 
Е 100 tweive 
= :68 


One of the reasons base twelve is considered better than our 
base ten is that, as we have seen, twelve can be divided evenly 
by 2, 3, 4, and 6. Ten can be divided evenly only by 2 and 5. 
Thus, there are more base twelve common fractions that can be 
easily changed to duodecimal fractions than there are base ten 
common fractions that can be easily changed to decimal fractions. 

Try changing other common fractions to duodecimal fractions 
in the exercises below and you will be surprised at the many 
simple answers. 


EXERCISE SET 14 
Working with Base Twelve Fractions 


1. Change the following common fractions to duodecimal fractions: 


2 3 5 1 4 3 

8% g b. 5 "^ g d. 2 & T Eg 

2. Change the following from duodecimal to base ten fractions: 
a: 55 b.. 20 €, 1B d. :4 e. :24 f. За 


3. What denominators for base twelve fractions will give one-digit 
duodecimal equivalents? 
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Using Duodecimal Fractions 


Duodecimals are very convenient in working with measures 
based on twelve, such as feet and inches. For example, 5 feet 7 
inches = 5:7 feet, ог 57tweive inches. This simplifies computing with 
measured quantities like this: 


Base ten addition Base twelve addition 
) 3%, 7in. ЭЛ елу ТЕ 
+15 ft. 8 in. + 13 :8:wetve ft. 
18 ft. 15 in. 17 35015 ft. 
or 19 ft. 3 in. 


In base ten notation, comparisons involving division are often 
: ui 25 
expressed іп per cent. For example, 25%, is interpreted as 100: 


Іп the duodecimal system, per gross is used instead of рег cent. 


2Oteélvs 
For example, 25iweive per gross means -—— — — 
100:weive 
25 twelve 2 ten 
If we translate to base ten numerals, ——— becomes ——— 
100, weive 14465 


Computations are done the same way in both systems. When 
working with interest rates based on a twelve-month year, the 
duodecimal system is very convenient. But don't consider 6 per 
cent and 6 per gross as being equivalent rates! Which of these 
rates is the higher? 


EXERCISE SET 15 


Measurements in Base Twelve 


1. Change the following measurements to duodecimal notation and 
compute as indicated. Check by using the usual computational method. 


a. 7 ft. 8 in. c. 3 ft. 4 in. 
+ 8 ft. 9 in. x 2 ft. 7 in. 

b. 5 ft. 3 in. d. 9 ft. = 2 ft. 3 in. 
— 2 ft. 8 in. 


2. Express 37iwelve per gross as an indicated division of base twelve 
numbers and then change to base ten. 


3. Which rate is higher: à 
a. 12 per cent or 12 per gross? b. 5 per cent or 8 per gross? 


31 





Binary Numerals 


41 40-63 t 


Numeration with 
the System Of Twos 


to represent God, and 0 to represent the void, that apart from 
God. With the two symbols, 0 and l, Leibniz could represent 
any number, just as he felt God could fashion the universe from 


аге so useful in electronic brains is that 1 сап be represented by 
an electric circuit with the switch "on" and 0 by the switch 


and base two numerals compare, 
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Base ten Binary 
notation grouping 
1 





Binary Suggested 
notation binary names 
1 опе 










































10two | twin 
lliwo | twin-one 
100,4, | опе twindred 
x 101, | one twindred one 





110two 

111. 
1000.» 
1001, 
1010. 
1011,5 
1100, 


one twindred twin 






one twindred twin one 


one twosand 








о со м DOF оғ 


опе twosand one 






one twosand twin 





one twosand twin one 





one twosand one 
twindred 









one twosand one 
twindred one 


1101, 






опе twosand one 
twindred twin 


1110two 













one twosand one 
twindred twin one 


1111, 













у 110000, | twin twosand 


We сап use columns to keep place value straight for binary 
numerals and to change binary numerals to base ten notation. 
Let's work with 1101.50, 10110,,,, 1O00000iwo, and I11111rwo- 


two x two x fwo x two x two x two x two x two x 
two х two two x two two two 
or or or or 
twindred twosand twin twosand twosand twindred 
or or or or 
thirty-twos sixteens eights fours 
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1101. = l(eight) + 1(four) + O(two) + 1 = 13 
10110,,, = l(sixteen) + O(eight) + 1(four) + l(two) + 0 
=16 +4 +2 = 99 
100000,,, = l(thirty-two) = 32 
11111 ]iwo = 1(thirty-two) + 1(sixteen) + l(eight) + 1(four) + 
1(two) + 1 = 32+ 16+84+44+241 = 63 


Electric Abacus for Base Two 


A binary abacus like the one shown in F igure 23 with two beads 
or counters will help you keep place value straight and help you 


Figure 23 


count with binary numerals. An electric abacus made according 
to the directions below can also be used. 

Mount a string of Christmas tree lights evenly spaced on a 
board, as shown in Figure 24. Be sure the string is the kind where 
each light will burn independently of the others. When the string 
is plugged in, bulbs can be turned on or off by screwing the bulbs 
in or out. When a light is on, it stands for the digit 1. When the 
light is off, it represents 0. 





Figure 24 


34 


Figure 25 shows how the number 101iwo looks with this abacus. 


sixty-four thirty-two sixteen eight four 





Figure 25 
EXERCISE SET 16 
Working with Binary Numerals 
1. Copy and group these marks into twos, to form twins, twindreds, | 
and twosands. | 
a. XXXXX b. ixXxxx. C. Жхххх d. xxxx 
XXXXX XXXXX XXXXX 
XXX 


2. Write the binary number symbol for each of the numbers repre- 
sented in Exercise 1 above. 

3. Write the binary number names for each of the numbers represented | 
in Exercise 1 above. 

4. Make marks and group the marks to show place value for these 
binary numbers. | 

a. 110% b. 1011. с. 11004, d. 10101. 
5. Write the binary notation for the numbers from 16 to 35. 
6. What is the disadvantage in using binary notation? 


From Base Ten to Binary Notation 


We can change base ten numerals to binary numerals by using | 
methods similar to the ones used to change from base ten to base 
twelve or base five. We can find the largest multiple of two in 
the number, subtract this multiple of two, and repeat the process 
with the remainder. Let's find the binary numeral for 13. 


35 | 


The highest multiple of two in thirteen is eight. Since eight is 
equivalent to two X two X two, thirteen can be written as a 
four-place binary numeral. 


1 The division shows that there is one 

8)13. two X two X two group in thirteen. The 
8 subtraction shows that there are five 
B units left over. 


The highest multiple of two in five is 
! four, or two X two. There is one two X 
45 two group in five, and one unit leftover. 
4 No groups of just two are needed to rep- 

1 resent thirteen in binary notation. 


We see that 134, = 1(two?) + 1(two?) + O(two) + 1 = 110liwo. 


The example below shows how to use a short form of the above 
method to convert 30,4 to binary notation. 


2)30 Remainders 
2)15 groups of two — — — — — — 0 ones left over 


2) 7 groups of two X two — — — —1 group of two left 
| over 
2) 3 groups of two X two X two- —1 group of two X 
{ two left over 
1 group of two X two X two 1 group of two X 
X two two X two left over 


Notice that we performed repeated divisions by 2; the re- 
mainders in reverse order gave the binary numeral 11110,0 as 
equal to 30.1. 


EXERCISE SET 17 
Binary Change of Base 


1. Change these binary numerals to base ten numerals: | 


а. 101015. Al с. 1011001, 21 
b. 10011 & | d. 1llllllwo )59 
2. Change these base ten numerals to binary notation: 
a. 19 10011 с. 65 100000/ 
b. 37 1063021 а. 100 1160/0 6 
3. In what digit does ап even number always епа in binary notation? 
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Operations in Base Two 


After writing the binary notation for numbers such as 30, 
namely 11110, you see that binary numerals are very long and 
tiresome to write. But computation with numbers expressed in 
the binary system is very simple. In addition, for example, all 
you need to know is that 1 + 0 = 1 and 1 + 1 = 10,,,. No wonder 
some persons want us to adopt the binary numeration system! As 
you study the following examples, check the answers with base 
ten computation. 





А. 8. C D. E. Check 

1 101 1 151 Das. Шара“ 15 

+1_ +10 1 +» ЖЮ = +11 

10, 111. Tt! 1110, 11010iwo = 26 
шев 


Since subtraction is the inverse of addition, we can easily sub- 
tract binary numerals. To do subtractions quickly, you need to 
memorize all the subtraction combinations. This is easily done 
because there are only three: 1 1 = 0, 1 — 0 = 1, and 10,,, — 
1 = 1. Notice the simplicity of the following subtraction examples. 


А B. C D. E. Check 


10two 11 ‹ 101% 1101... 11001,4 = 25 
Z. = 10. ~ liwo m 110. = LOL Lass = aL 


1 1 10, уе 1110, = 14 


Multiplication in binary numerals is also very simple. All you 
need to memorize is that 1 X 0 = 0 X 1 = Oand1 X 1 = 1. You 
never get a two-digit numeral in binary multiplication of two 
one-digit numbers. This means you do not have to “carry” when 
multiplying numbers expressed in binary notation. Study these 
multiplication examples to see how base ten multiplication ideas 
are used in base two. Watch your zeros and your additions! 





A. B. C Check 
10 1:2 oe d 

x 10. x ] lewe x 101 a = X 3 
100... 11 ~ 0l 15 

11 1101 50 

1001... 1000001,6 = 65 
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Division with binary numerals is the same as division with 
decimal numerals. This is simple, too, because the quotient figure 
obtained is always 1 or 0. Study the examples to see how easy it 
is to do base two division. 


A. B. С 
171 110, 1010.7 11. 
100 MN 101.) 1110, 110) L111 1 ewe 
10 101 110 
1 101 111 
101 110 
11 


EXERCISE SET 18 
Binary Operations 


Perform the indicated operations using binary numerals. Change to 


decimal numerals to check. 














| 1. а. 110, b. 1011, c. 1101,0 d. 10101, 

|| + Ее + Шана F 11. + 101 liwo 

2. à. Lll b. ШО c. 11401, d. 31001, 

| == 1005 — ө - 1011two = lh. 

3. a. Lliwo b. 101, с. 111% а. 1001, 

X 10 X bs X 101 X 1+ 
1101 





| |! Mr ге “Тоо 1 061 
ld 4. a. Око) 10 mo, с. 101.) 11110 two 6 01 
ү e б 
| 


| 

lol 
| b. 10,..1010,4 а. 10,110 lera 18 
| 


Base Two and Electronic Brains 


We said earlier that the binary numeration system is often 
used by electronic computers, sometimes called electronic brains. 
These numerals are used because the two digits, 1 and 0, can be 
represented by a complete or closed circuit (1) or an open circuit 
(0). When an electric switch is closed, current flows and a light 
may go on. When a circuit is closed so that electricity flows, we 
use а І to denote this circuit. When a switch is open so that no 
current flows, we use a 0 to denote this circuit. The illustrations 
in Figure 26 show these circuits. 
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battery switch open light off battery switch closed light on 
Figure 26 


A number of these circuits arranged in order can represent 
binary numerals in the same manner as a set of Christmas tree 
lights in the binary abacus described on page 34. 

Electronic brains can add, subtract, multiply, and divide num- 
bers in binary notation as fast as the speed of light. The brains 
can be given instructions to solve complex mathematical and 
scientific problems. Computations for a jet engine that would 
normally require 3,000 hours can be done on an electronic com- 
puter in 2 hours. In solving these problems, binary numbers are 
used as a code to tell the computer what to do. 

The actual operation of an electronic brain is very complex, 
but through a simple example we can get an idea of how the 
machine uses binary notation. Suppose we want the computer to 
subtract 13 from 27, and then add 9. Numerical values and in- 
structions are usually put into the computer by magnetic tape 
or punched cards. We could punch holes in a card to represent 








27, 13, and 9, and “feed” the values to the electronic brain. Inside 
the machine, seven circuits or switches (a, b, c, d, e, f, g) might 
be arranged in a definite order to represent binary numerals up 
to seven places. The following table shows how the circuits could 
represent 27, 13, and 9 in binary notation. 





Base Binary Circuits 
ten numerals numerals 





After "feeding" the numbers to the machine, we would have 
to tell the machine what to do with the numbers. Operational 
instructions, such as those shown in red below, would have to 
be given to the computer so that it could work the problem in 
a logical manner. 





1. Subtract two numbers. P. А г 2. Write the difference. 


14 7 9 = 23 
3. Add to the difference. “ 4. Write the answer. 


Each instruction must be represented with a numerical code. 
The instructions can then be punched on a card in the numerical 
code and fed into the computer in the proper order. Inside the 
electronic brain, the operational instructions would be changed to 
a binary code. The table below gives an idea of how the орега- 
tions might be represented using another set of seven circuits in 
the computer. The computer is built so that numerals that rep- 
resent operations can be distinguished from numerals to be op- 
erated on. 





Binary Circuits 
numeral code 


Operation 


Write the difference. 
Add to the difference. 


Write the answer. 





сов 





If everything was done properly, the binary numeral 0010111 
would be obtained in a computer circuit. This could be trans- 
lated to 23 and recorded on magnetic tape or punched in a card 
as the answer. 

Electronic brains are no better than the mathematicians who use 
them. The mathematicians have to work out the problem to be 
solved in steps so that it can be put into the machine. After the 
method of solution is worked out, a programmer sets the problem 
up in code and in logical steps called a program. Figure 27 shows 
the program of a simple problem for one type of computer. In 
this way, electronic brains are solving all sorts of problems, from 
finding insurance rates to getting a space ship into orbit. 




















Figure 27. ‘This is a computing machine program. It is set up to solve the equation 


A+B)xC ы 
(ах = T. Reprinted through the courtesy of International Business Machines Incorporated. 


Nim, a Binary Number Game 


Base two numerals are very important in the internal operation 
of a computer, but they also have some other less practical, but 
just as interesting, applications. One such application is in a game 
called Nim. 

This ancient mathematical game is played by two persons using 
sticks, matches, toothpicks, beads, coins, or other objects as 
counters. The counters are placed in piles and the players take 
turns picking up counters from the piles. The player who picks 
up the last counter wins. The number of piles used, the number 
of counters in each pile, and the number of counters picked up 
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at each turn may vary. The players may pick any number of 
counters at one time from one pile. They must not take counters 
from more than one pile at a given turn, and at least one counter 
must be taken on each turn. At the next turn, counters may be 
selected from a different pile, or, if it still remains, from the same 
pile. Remember, the player picking up the last counter is the 
winner. Consider this example: 

Place 15 counters in three piles containing 3, 5, and 7 counters, 


as shown in Figure 28. Base two numerals can be used to plan 
the strategy. 


—————Ó 

I ЕСС 
Å = > сето u 
Å C — еее 
— m Cc 


Figure 28 


The game is analyzed by writing the number of counters in 
each pile in binary notation. The winner should always leave 
the piles so that the sum of the digits of every column of the binary 
numerals for each pile is an even number. If each sum of the col- 
umn digits is always even after you pick up a counter, an even 


number of draws will have to be made to get all the counters, and 
you will win. 


3 1 1 

5 1 0 1 
7 1 1 1 

Column totals (base ten) | |2: |2? | з | 


In order to win, the columns must be kept even. This may be 









done by picking up one counter from any pile which will make 
the column totals 2, 2, 2. 


Consider another example. Place 24 counters in three piles, 


containing 9, 8, and 7 counters, respectively. 


Number of counters 





in each pile Binary notation 
9 = 1001. 
8 — 1000, 
7 = 11 Ја 
Column totals (base ten) 2112 
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You can put yourself in a winning position by taking six counters 
(110,,,) from the third pile. Column totals are then all even, 
as shown below. 





9 = 1001, 

8 = 1000, 

1 = Теже 
2002 


EXERCISE SET 19 
Questions about Nim 


1. If, at the beginning of a game of Nim, column totals are even when 
you express the counters in binary notation, would you want to draw 
first or second to insure victory? 

2. If the column totals are odd at the start of the game, would you 
want to draw first or second to insure victory? 


More Uses for Base Two 


Another interesting application of the binary numeration Sys- 
tem is a coin system that simplifies the task of making change. 
Instead of nickels, dimes, quarters, and half-dollars, a set of coins 
of value 1, 2, 4, 8, 16, 32, 64 cents is proposed. These new coins 
would give change for any amount up to $1.28 without using 
more than one coin of each denomination. For example, 83 cents 
= (64 + 16 + 2 + 1) cents. 

In this new coin system, binary notation would be quite useful 
in making change. We could write an amount of change in binary 
notation, and then think of each place in the binary numeral as 
representing a coin with a value corresponding to the value of 
the place. A 1 in a place would tell us that a coin of that place 
value should be used in the change. For example, in binary nota- 
tion, 83 is 1010011... This tells us that four coins, a 64, a 16, 
а 2, and а 1, are to be used to make change for 83 cents. With 
our present coins, we must often give several coins of the same 
denomination to make change; for example, 83 cents — 1 half- 
dollar, 1 quarter, 1 nickel, and 3 pennies. You would need to 
know binary numbers very well if we had this system of coins. 

A clever trick based on binary numbers can be used to guess 
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your friend's age. For this trick, you need the cards shown in 
Figure 29. 





Figure 29 


Ask your friend to name the cards on which his age is recorded. 
If he says А, B, and D, you tell him his age is 13. АП you have to 
do to get his age is to add the numbers represented in the upper 
left-hand corner of the cards he reports. The numerals on the 
cards he selected are 8, 4, 1, and the sum is 13. 

Binary notation is used to make the cards for this trick. Think 
of each card as representing the value of a place of a four-digit 
binary numeral. Card D represents 1, Card C represents two, 
Card B represents four, and Card A represents eight. Now write 
each base ten numeral from 1 to 15 in binary notation. A 1 in 
a digit place of the binary numeral indicates that the original 
base ten numeral is to be written on the card that corresponds to 
the value of that digit place. Thus, 8 = 1000, 4 = 100, o. 
2 = 10two, and 1 = liwo, and 8, 4, 2, and І are written in the 
upper left-hand corner of cards A, B, C, and D respectively. Now 
13 is written as ШО, and thus 13 must appear on Card A, 
Card B, and Card D. When your friend selects cards A, B, and 
D, you merely compute 8 + 4 + 1 = 13. 


EXERCISE SET 20 
Using Base Two Numerals 


1. With a set of coins of value 1, 2, 4, 8, 16, 32, and 64, what coins 
would be needed to make change for: 
a. $.46? b. $1.02? c. $1.12? 
2. Make a set of cards that can be used to guess ages from 1 to 31. 
3. The binary numbers can be used to make up a system of weights 
for a scale balance. What weights are needed to weigh any amount from 


1 to 15 ounces? Be sure to find the fewest possible weights; no duplica- 
tions are allowed. 
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Recollecting Some 
Number Base Ideas А j 


Division Patterns 


How can you tell which numbers written in base ten are divisible 
by 10, the base of the system? This question is an easy one, for you 
know that a number written in base ten is divisible by 10 if the units 
digit of its numeral is zero. Similarly, binary numbers whose nu- 
merals end in zero are known to be even numbers or numbers 
divisible by the base number two. Is it true that any number whose 
numeral ends in zero is divisible by its base number? 

We can find other interesting tests for division in different 
number bases. Consider these four numbers written in base ten: 
117, 414, 963, and 7884. Each number is divisible by 9. Now find 
the sum of the digits of each numeral and note your result. If you 
did your work correctly, you found that in each case the sum of the 
digits was 9 or a multiple of 9. We can show that this is not just a 
coincidence by examining the numeral 7884. This numeral could 
be written as 

(7 X 1000) + (8 X 100) + (8 X 10) + 4 
or, 
[7 X (999 + 1)] + [8 X (99 + 1)] + [8 X (9 + 1)] + 4. 
Applying the distributive principle, we have 
(7 X 999) +7 + (8 X 99) +8 + (8 X 9) +8 + 4, 
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and, using the associative principle, we can rearrange this to give 
(7 X 999 +8 X 99 ах 9) +7 -- 8 4- 8 + 4. 

Now, 999, 99, and 9 are all divisible by 9, so the expression 
(7 X 999 + 8 X 99 + 8 X 9) is divisible by 9. Therefore, if the 
original number is divisible by 9, the sum 7 + 8 + 8 + 4 must be 
divisible by 9 (and thus a multiple of 9), and it is. 

This same type of thinking can be used to develop rules for 
certain divisions in any base. The following exercises should enable 
you to establish some interesting tests for divisibility. 


EXERCISE SET 21 
Tests for Divisibility 


1. 


How can you tell which numbers written in base twelve are divisible 
by 6? 


2. Write several numbers in base five which are divisible by 2. Is there 
an easy way to tell whether a number written in base five is divisible by 2? 


3. How can you tell if a number written in base five is divisible by 4? 
4. How can you tell if a number written in base twelve is divisible by 11? 





A. Backward Glance and a Look to the Future 


In our exciting world of today scientists and scholars are dis- 
covering and inventing all kinds of new things. We have wonder- 
ful new medicines, new machines, new foods, and new homes. 
At the same time, mathematicians are devising new mathematics 
which will make possible many new inventions in the future. This 
booklet has described some of the number notations which may 
have many uses in the world of tomorrow. 

The study of different numeration systems should have helped 
you to better understand our base ten system. You have seen the 
importance of a principle of grouping in different numeration 
systems, and can better appreciate the importance of grouping in 
the base ten system. You have seen how the place-value concept 
makes numerals of any numeration system easy to use and easy 
to write. Working with place value in other numeration systems 
should help you understand its meaning and importance in our 
base ten system. 

You know how to add, subtract, multiply, and divide numbers 
written in base ten, but you have found that you could perform 
the same operations in base five, base twelve, and base two. Does 
1 + 1 always equal 2? Of course it does. But sometimes we have 
different ways of writing the answer. We may say 1 + 1 = 10two. 
Nevertheless, the basic principles involved in computations are 
the same in all numeration systems. 

You know that 6 + 4 = 4 +6, but does 12d, + 14,4, = 
146 + 1254? The affirmative answer to this question merely 
points out the fact that certain basic principles of mathematics 
apply to all numeration systems. 

You have seen that our base ten system of numeration is not 
the only one possible. In fact, any number may be used as a base. 
Perhaps our system is not even the best. You may be the one to 
invent a different numeration method that will make many new 
discoveries possible. Other numeration systems already have 
many uses, but one of the most important uses is to help us better 
understand the numeration system we use every day — the base 
ten system. 
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EXERCISE SET 22 


Making Your Own Numeration Systems 


1. Make a new numeration system in which: 


»-[] 


©. 


zi 

з = N 
Write the numbers from 1 to 25 in this system. Make up a new set of 
number words. 


2. Тгу these problems: 


a. Add: - b. Subtract: A, De Multiply: 
DV) AYOD 


3. Make up new number symbols with a number base other than that 
illustrated in this booklet. 


4. Make up a new numeration system that does not use the principle 
of place value. 


Numeration Review Test 
A. Read each of the following statements carefully to determine 
whether it is a true or false statement: 


1. The fraction “$”? has the same value in the dozen system as in 
base ten. 


2. The duodecimal **:5" has the same value as the decimal Ot. 
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10. 


11. 


12. 


13. 
14. 
15. 


20. 


21. 


. We can make a number symbol mean anything that we want it to 


mean. 


. The numeral “8” (eight) has the same meaning іп the duodecimal 


system as in our decimal system. 


. In performing computations there are more number combinations 


to remember in the base ten number system than in the base two. 
When we “саггу” a figure in an addition or multiplication prob- 
lem, the value of the figure we “carry” is the same in base 12 as 
in base 10. £ 

The measurement 3 feet 7 inches can be written 3:7 feet in the 
duodecimal system. 

When we borrow in the dozen system in a problem such as 1544weive 
— 2T tweive) we actually borrow ten units. Ё 

In the dozen system, 7 times 9 equals 531404. T 

In base five, 4 + 3 = 12r. r Le 

The larger the number base the fewer the figures needed to rep- 
resent large numbers. ~y 

In the numeral 842twetve, the 8 has a value that is twenty times the 
value of the 4. Ё 


4 five 
22 уе. 





3 
In base five, the fraction Л is equal to 


B. Find the value of the expressions on the left in terms of the base 
ten numerals on the right. Match these answers in base ten with the 
numerals on the left. Any choice may be used once, several times, or 








not at all. 
Expressions in base other than ten Numbers in base ten 
2 92. 10101, A. 31 
— D оз. 416. B. 21 H 
Ay. 27 vwelve C. 16 
25, 566.41 D. .6 
— 30. 4tive X 4tive E. .5 
С. 91. 1001, + Ш F. 4 





ae + IA 

— 238. 321. - Ay 
І 

` 10м 


11. 


: 20rive 
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Ж 


D. 


. Perform the indicated operations: 
. Write 15544 in base twelve. / 2! 

. Write 27ten in base two. 

. Write 4344, in base five. 2274 

. Write 52644, in base six. 22200. 
. Write 234twelve in base ten. 2^ 2 
- Write 1324, in base ten. 2 

. Write 10101 liwo in base ten. 


Compute as indicated with these base five numerals. Leave the 


answers in base five. 


5 


5 


11 


1. 


2. 


2. 


H. 





3202 tive 53. 451 
+ 43192,6 х 32tive 
> 2 6 d^ | 
4394, 54-4) 21, = y 
= 243 tive 


. Compute as indicated with these base twelve numerals: 


ВОТ 7 twelve 101 . 452 «welve 
+ E74twelve x T8tweive 

940 Ewweive 102.°8)57Emem = 95-7 
m 34T twelve 


. Compute as indicated in base two: 


1011 105. Око 
+ 110, X 1104 


“M101 ewo 110. 10.)1101055 „р 


= 1101,5 


- Compute as indicated in base six: 





342,35 113. 34,;, 
+ 154,1, x 5 

530. 309 
— 494 114. 40144, 


Perform the following: 


2 
115. Change the fraction 3 to a duodecimal. 


120. Change the duodecimal :3 to a base ten fraction. 
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122. 


123. 


. Answer the following: 


. In which number base has this addition problem been worked? 


5304 
+ 2334 УА 
12042 | 
In which number base has this multiplication been performed? 
123 
x 32 / "T i 
312 SL BAAL N A 
1101 | 
11322 | 
What number base has been used in numbering the items of this 
test? xL 
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Extending Your Knowledge 


If you have enjoyed exploring the numeration systems in this 


booklet, you might want to consult some of these publications for 
further information: 


ADLER, Irving, The Magic House of Numbers. The John Day Co., 
1957 


Baxsr, AARON, Mathematics, Its Magic and Mastery. D. Van Nostrand 
Company, 1952 


Kasner, Epwarp and NEWMAN, JAMES, Mathematics and the 
tion. Simon and Schuster, 1940 


Meyer, Jerome, Fun with Mathematics. Тһе World Publishing Co., 
1952 


Imagina- 
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Solutions to the Exercises 


EXERCISE SET 1 


1. a. 3000 


9: 432 
3. 234 


c. 3/10 





5. a. (5 X 10 X 10 X 10) + (6 X 10 X 10) + (8 x 10) + (4 X 1) 
b. (2 X 10 X 10 X 10) + (0 X 10 X 10) + (7 X 10) + (0 x 1) 
4 1 3 ; 


10 * 10 X10 * I0 X 10 X 10 
6. a. Because we have 10 fingers. 
b. Because they used 10 fingers and 10 toes for counting. 


EXERCISE SET 2 


с. А group of ten groups of ten x's, three groups of ten x's, and seven x's 


2. а. (ax) 
DO 


3. а. (5 X 10) +3 
b. (1 X 10 X 10) + (2 X 10) +3 
б. (2 X 10 X 10 X 10) + (3 X 10 X 10) + (0 x 10) + 4 
4. a. (4 X five) + 3 
b. (1 X five X five) + (2 X five) + 3 
с. (2 X five X five X five) + (3 X five X five) + (0 X five) + 4 
5. a. (2 X five) -4 = 14 
b. (4 X five X five) + (4 X five) + 1 = 121 
с. (1 X five X five X five) + (2 X five X five) + (0 X five) + 3 = 178 


XXXX 


EXERCISE SET 3 
1. а. 1235. b. 224tive c. 1111 tive d. 3002tive 
2. d. 13 b. 62 е. 95 4. 253 


53 






































EXERCISE SET 4 
1. 2 3 
3 4 
4 10 
10 11 
11 12 
2. a. 44е 
3. A ten 


EXERCISE SET 5 
1. a. 2н 
2. Ten 


EXERCISE SET 6 
1. a. five 
2. a. 3 tive 


EXERCISE SET 7 
1. a. 201 tive 
2. a. Yes 
3. a. Yes 
4. Yes 


EXERCISE SET 8 
X. 112five 


EXERCISE SET 9 
1. 53 


EXERCISE SET 10 
1.4 Omas 


2. a. 92 


EXERCISE SET 11 
1. a. 18twelve 


оо м 
e 
а! 
№ 
2 


EXERCISE SET 12 
i. 16iwsive 
4. 5 


EXERCISE SET 13 
1. a. 65twelve 
& 29% ел 
2. Yes 
3. a. Зб ее 


EXERCISE SET 14 
1. a. :8 


2. a. 5/12 


3. 2, 3, 
EXERCISE SET 15 


1. а. 145tweive inches 


2 37tweive Ben 43 га 
| 100tweive 144 
3. a. 12% 
54 


b. 1:6 с. :Т 
b. 6/12 ог 
1/2 
4; 


SS 
< 
g 


OT көзе 
» ІШІ 


б с 


b. lÓtwelve 
b. 407 twelve 
32, 39, 


b. 2ltweive 
f T4twelve 


2: а vs 


5. 7 


b. E3tweive 
Т . 534, еме 


b. 537 twelve 


44, 


c. 8/12 or 
2/3 


6 E 1 Оше lve 


b. 27 eive inches 


b. 8 per gross 








€. Tl Qtive 


с: 22355. 


6; Зва 
с. 4 tive 


с. 1442,6 
с. Yes 


3; 21% 
3. 43 


2. ЭМне 
& 927 


с. Tötweive 
с. 9E38twe lve 
4E 


с. Twelve 
£. 123tweive 


с. 186twelve 
g 390 twelve 


c. бақа lve 


d. 1/3 


4. 1003:rive 


d. 3124ңуе 


d. 4431 tive 


4. l04tive 


ы. 


. 100tweive 
d. 1938tweive 


. 6Etweive 


- 17twelve 


DA 


3. 20twelve 
6. T 


d. 653 tweive 
h. 378twelve 


d. 262 twelve 


е. 34 f. :46 
e. 28/144 or f. 3 10/12 or 
7/36 356 


с. 874tweive inches d. 4 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
! 
| 
| 
| 
! 





EXERCISE SET 16 


101 b. 1010 


. One twindred one 

. One twosand twin 

One twosand one twindred one 
. One twosand one 


Бе a» 
роо соо а] доо х 
ess] so 

416% Бо |С ој 
бо & x 





о N 


AP SRS 


қ» 
в 


5. 10000, 10001, 10010, 10011, 10100, 10101, 10110, 10111, 11000, 11001, 11010, 
11011, 11100, 11101, 11110, 11111, 100000, 100001, 100010, 100011 


6. Small numbers use many digits. 


EXERCISE SET 17 


1.2. 21 b. 51 c. 89 d. 127 
2. a. 10011. b. 100101. c. 1000001 «o d. 1100100 
3.0 

ЕХЕКСІ5Е 5ЕТ 18 
1. а. 1001. b. 1110,6 с. 10100, d. 100000, 
2. а. 101% b. 10.0 с. 10010two d. 10.0 
3. а. 110, "BS nd ges с. 100011. d. 11111 1two 
4. а. 1 b. 1010 с. 110two d. 10017101. 


EXERCISE SET 19 
1. Second 2. First 


EXERCISE SET 20 
lod 323 8,4, 2 b. 64, 32, 4, 2 c. 64, 32, 16 
2. Cards like those in Figure 29: 5 cards, 16 numbers on each. 
3, ЛЬ 2. 218 


EXERCISE SET 21 
1. If the units digit is 6 or 0, the number is divisible by 6. 
2. Yes. If the sum of tbe last two digits is an even number, the number is divisible 
by 2. 
3. If the sum of the digits is divisible by 4. 
4. If the sum of the digits is divisible by 1](E). 


EXERCISE SET 22 
1. Фф, 1, A, ФГ, Фф, ФУ, 6A, МО), Yo, VY, YA, АП, Ad, AY, AA, Ф00, 
eL Je, LIV, ФА, ФФ[ 1, 666. pt, pA, p, evo. 
2. а. фф b. NEA с. ot d. ХффтА 
3 and 4. Check your invention with a mathematics teacher. 
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NUMERATION REVIEW TEST 
1 


T y 2 

3T 10. 
13. T 14 
21. T 22. 
25. E 30. 
33. C 34. 
41. 11011, 42. 
45. 214 50. 
53. 303421, 54. 
101. ЗЕЗ14,,егуе 102. 
105. 11110, 110. 
113. 302;ix 114. 
121. Six 122. 
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sF 
F 
» F 
B 
с 
Е 


32 14; іуе 
43 

14 five 

85 tweiver7 
1101two 


24six 


Four 


103. 
111. 


115; 3 
123. 


BP "o 


. 10E twelve 
= 328 

32; 
100. 
104. 
112. 


120. 


141 five 
9081 twelve 
1110two 
444 к 

1 


4 


VH — 70 69 68 67 66 65 64 63 62 


567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 — 
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